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Abstract: For an integer m > 1, a combinatorial manifold M is defined to be 
a geometrical object M such that for Vp £ M, there is a local chart (U p , <p p ) en- 
able ip p \U p ^ B n h (J B ni 2 U ' ' ' U with B n n f| B Ui 2 f| • • • f| B nis M + 

0, where B ni i is an n^.- ball for integers 1 < j < s(p) < m. Topological 
and differential structures such as those of d-pathwise connected, homotopy 
classes, fundamental d-groups in topology and tangent vector fields, tensor 
fields, connections, Minkowski norms in differential geometry on these finitely 
combinatorial manifolds are introduced. Some classical results are generalized 
to finitely combinatorial manifolds. Euler-Poincare characteristic is discussed 
and geometrical inclusions in Smarandache geometries for various geometries 
are also presented by the geometrical theory on finitely combinatorial mani- 
folds in this paper. 
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§1. Introduction 

As a model of spacetimes in physics, various geometries such as those of Euclid, 
Riemannian and Finsler geometries are established by mathematicians. Today, more 
and more evidences have shown that our spacetime is not homogenous. Thereby 
models established on classical geometries are only unilateral. Then are there some 
kinds of overall geometries for spacetimes in physics? The answer is YES. Those 
are just Smarandache geometries established in last century but attract more one’s 
attention now. According to the summary in [4], they are formally defined following. 

Definition 1.1 ([4], [17]) A Smarandache geometry is a geometry which has at least 
one Smarandachely denied axiom(1969), i.e., an axiom behaves in at least two dif- 
ferent ways within the same space, i.e., validated and invalided, or only invalided 
but in multiple distinct ways. 

A Smarandache n-manifold is a n-manifold that support a Smarandache geome- 

try. 

For verifying the existence of Smarandache geometries, Kuciuk and Antholy 
gave a popular and easily understanding example on an Euclid plane in [4], In 
[3], Iseri firstly presented a systematic construction for Smarandache geometries 
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by equilateral triangular disks on Euclid planes, which are really Smarandache 2- 
dimensional geometries (see also [5]). In references [6], [7] and [13], particularly in [7], 
a general constructing way for Smarandache 2-dimensional geometries on maps on 
surfaces, called map geometries was introduced, which generalized the construction 
of Iseri. For the case of dimensional number > 3, these pseudo-manifold geometries 
are proposed, which are approved to be Smarandache geometries and containing 
these Finsler and Kahler geometries as sub-geometries in [12]. 

In fact, by the Definition 1.1 a general but more natural way for constructing 
Smarandache geometries should be seeking for them on a union set of spaces with an 
axiom validated in one space but invalided in another, or invalided in a space in one 
way and another space in a different way. These unions are so called Smarandache 
multi-spaces. This is the motivation for this paper. Notice that in [8], these multi- 
metric spaces have been introduced, which enables us to constructing Smarandache 
geometries on multi-metric spaces, particularly, on multi-metric spaces with a same 
metric. 

Definition 1.2 A multi-metric space A is a union of spaces A±, A2, ■ ■ ■ , A m for an 
integer k > 2 such that each Ai is a space with metric pi for Vi, 1 < i < m. 

Now for any integer n, these 72 ,-manifolds M n are the main objects in modern 
geometry and mechanics, which are locally euclidean spaces R" satisfying the T 2 
separation axiom in fact, i.e. , for Vp, q G M n , there are local charts (U p ,<p p ) and 
( U q , t p q ) such that U p P| U q — 0 and <p p : U p — > B", ip q : U q — > B n , where 

B n = {(x 1 ,x 2 , ■ ■ ■ ,x n )\x\ + x\ -I \- x 2 n < 1}. 

is an open ball. 

These manifolds are locally euclidean spaces. In fact, they are also homogenous 
spaces. But the world is not homogenous. Whence, a more important thing is 
considering these combinations of different dimensions, i.e., combinatorial manifolds 
defined following and finding their good behaviors for mathematical sciences besides 
just to research these manifolds. Two examples for these combinations of manifolds 
with different dimensions in R 3 are shown in Fig.1.1, in where, (a) represents a 
combination of a 3-manifold, a torus and 1-manifold, and (b) a torus with 4 bouquets 
of 1-manifolds. 
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For an integer s > 1, let rii, ro 2 , • • • , n s be an integer sequence with 0 < rq < 

S 

n 2 < ■ ■ ■ < n s . Choose s open unit balls Bf 1 . Bf 2 , • • • , Bf a , where P| B- H ^ 0 in 

2=1 

R n i +2+ '" ns . Then a unit open combinatorial ball of degree s is a union 

S 

B(m,n 2 ,-- ■ ,n s ) = U B?. 

i= 1 

Definition 1.3 For a given integer sequencejrii, n 2 , ■ ■ ■ , n m , m > 1 with 0 < ni < 
n 2 < ■ ■ ■ < n Sl ^a combinatorial manifold M is a Hausdorff space such that for 
any point p G M, there is a local chart (U p ,ip p ) of p, i.e., an open neighborhood 
Up of p in M and a homoeomorphism p p : U p — > B(ni(p), n^lp)-, ■ ■ ■ , n s ( p )(p)) with 
{ni(p),n 2 (p),- ■ ■ , n s{p) (p)} C {n u n 2 , • • • , n m } arid \J~{ni(p), n 2 (p), * • • , n s(p) (p)} = 

P eM 

{rzi , n 2 , ■ ■ ■ , n m } , denoted by M(ni,n 2 , • • • , n m ) or M on the context and 



A = {(U p ,<p p )\p e M(ni,n 2 , ■ ■ ■ ,n m ))} 

an atlas on M(ni,n 2 , ■ ■ ■ ,n m ). The maximum value of s(p) and the dimension s(p) 

s (p) 

of n Bf 1 are called the dimension and the intersectional dimensional of M(ni,n 2 , 
2—1 

• • • , n m ) at the point p, respectively. 

A combinatorial manifold M is called finite if it is just combined by finite man- 
ifolds. 

S 

Notice that P) Bf l ^ 0 by the definition of unit combinatorial balls of degree 
2=1 

s. Thereby, for \/p G M(ni, n 2 , ■ ■ ■ ,n s ), either it has a neighborhood U p with tp p : 
U p — > R 1 ”, <; G {ni ,n 2 , ■ ■ ■ ,n s } or a combinatorial ball B(ri, t 2 , ■ ■ ■ , rf) with ip p : 
Up -»• B(t i,t 2 , ■■■,Ti),l<s and {n, r 2 , • • • , n} C {m, n 2 , • • • , ri s } hold. 

The main purpose of this paper is to characterize these finitely combinatorial 
manifolds, such as those of topological behaviors and differential structures on them 
by a combinatorial method. For these objectives, topological and differential struc- 
tures such as those of d-pathwise connected, homotopy classes, fundamental d-groups 
in topology and tangent vector fields, tensor fields, connections, Minkowski norms in 
differential geometry on these combinatorial manifolds are introduced. Some results 
in classical differential geometry are generalized to finitely combinatorial manifolds. 
As an important invariant, Euler- Poincare characteristic is discussed and geomet- 
rical inclusions in Smarandache geometries for various existent geometries are also 
presented by the geometrical theory on finitely combinatorial manifolds in this pa- 
per. 

For terminologies and notations not mentioned in this section, we follow [1] — [2] 
for differential geometry, [5], [7] for graphs and [14], [18] for topology. 
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§2. Topological structures on combinatorial manifolds 

By a topological view, we introduce topological structures and characterize these 
finitely combinatorial manifolds in this section. 

2.1. Pathwise connectedness 

On the first, we define d-dimensional pathwise connectedness in a finitely combina- 
torial manifold for an integer d, d > 1, which is a natural generalization of pathwise 
connectedness in a topological space. 

Definition 2.1 For two points p,q in a finitely combinatorial manifold M(ni,n 2 , 

• • • , n m ), if there is a sequence f?i, B 2 , ■ ■ ■ , B s of d-dimensional open balls with two 
conditions following hold. 

(1) Bi C M(n±, n 2 , • • • , n m ) for any integer i, 1 < i < s and p e B\, q e B s ; 

(2) The dimensional number dim(Sj P| B i+ 1 ) > d for Vi, 1 < i < s — 1. 

Then points p, q are called d-dimensional connected in M(ni, n 2 , • • • , n m ) and the se- 
quence Bi, B 2 , ■ ■ ■ , B e a d-dimensional path connecting p and q, denoted by P d (p, q). 

If each pairp , q of points in the finitely combinatorial manifold M(ni, n 2l • • • , n m ) 
is d-dimensional connected, then M (ni, n 2 , ■ ■ ■ , n m ) is called d-pathwise connected 
and say its connectivity > d. 

Not loss of generality, we consideiyonly finitely combinatorial manifolds with 
a connectivity > 1 in this paper. Let M{n\,n 2 , • • • ,n m ) be a finitely combinatorial 
manifold and d,d> 1 an integer. We construct a labelled graph G d [M (ni,n 2 , • • • , n m )] 
by 



V(G d [M( ni ,n 2 , • • • , n m )}) = V 1 (J V 2 , 

where V\ = { n * — manifolds M ni in M(n\, n 2 , ■ ■ ■ , n m )\l < i < rn} and V 2 = 
{isolated intersection points 0 M n i M ^j o{M n \M nj in M(n\, n 2 , ■ ■ ■ , n m ) for 1 < 
i, j < rn}. Label n t for each 71,-manifold in V\ and 0 for each vertex in V 2 and 

E(G d [M (n lf n 2 , • • • , n m )]) = E x (J E 2 , 

where E x = {(M ni ,M nj )\dim(M ni f}M nj ) > d, 1 < i,j < m} and E 2 = 
{(0 M n i M ^,M ni ), (0 M n iM n j , M n i)\M ni tangent M n i at the point for 1 < 

i,j < rn}. 
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(c) (d) 



Fig. 2.1 

For example, these correspondent labelled graphs gotten from finitely combina- 
torial manifolds in Fig. 1.1 are shown in Fig. 2.1, in where d — 1 for (a) and (b), d = 2 
for (c) and (d). By this construction, properties following can be easily gotten. 

Theorem 2.1 Let G d [M (ni, n 2 , • • • , n m )\ be a labelled graph of a finitely combina- 
torial manifold M(n 1; n 2 , • • • , n m ). Then 

(1) G d [M (ni, tt- 2 , • • • , n m )] is connected only if d < n±. 

(2) there exists an integer d, d < n\ such that G d [M(ni, n 2l • • • , n m )\ is connected. 

Proof By definition, there is an edge (M n \ M rij ) in G d [M(ni, n 2 , • • • , n m )\ for 
1 < i. j < m if and only if there is a d-dimensional path P d (p,q) connecting two 
points p E M ni and q G M nj . Notice that 

(P d (p, q) \ M ni ) C M nj and (F d (p, q) \ M nj ) C M n \ 

Whence, 

d < min (2.1) 

Now if G d [M(ni,n 2 , ■ ■ ■ ,n m )\ is connected, then there is a d-path P(M ni , M nj ) 
connecting vertices M ni and M nj for VAd n * , M n ' :i G V(G d [M(ni, n 2 , • • • , n m )}). Not 
loss of generality, assume 

P(M ni , M nj ) = M"-M Sl Af 2 • • • M St -'M n L 

Then we get that 

d < min {n^ s 1 , s 2 , ■ ■ ■ , s t _ 1; rij} (2.2) 

by (2.1). However, according to Definition 1.4 we know that 
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